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A. DEFINITION

Complex numbers are defined as expressions of the form a +ib where a,beR & i= J—_l It

is denoted by z i.e. z=a+ib .'a’ iscalled asreal part of z (Rez) and'b’is called as imaginary
part of z (Im z).
EVERY COMPLEX NUMBER CAN BE REGARDED AS
Purely real Purely imaginary Imaginary
ifb=20 ifa=20 ifb=0

Remark:
(a) The set R of real humbers is a proper subset of the complex nhumbers . Hence the complete
number system is Nc Wc I <« Q <« R < C.

(b) Zero is both purely real as well as purely imaginary but not imaginary .

(c) i= J-1iscalled the imaginary unit . Also i2=-1; B=- ; i*=1 etc.

(d) Ja+/b = ,Jab only if atleast one of either a or b is non-negative.

B. ALGEBRAIC OPERATIONS

The algebraic operations on complex numbers are similar to those on real numbers treating ‘i’
as a polynomial . Inequalities in complex numbers are not defined . There is no validity if we say
that complex number is positive or negative.

eg. z>0, 4+2i<2+4i are meaningless.

However in real numbers if a2 + b> = 0 then a = 0 = b but in complex numbers,

z>+ z,> = 0does notimply z, =z, = 0.

EQUALITY IN COMPLEX NUMBER: Two complex numbers z, =a, +ib, & z,=a,+ ib, are equal
if and only if their real & imaginary parts coincide.

C. CONJUGATE COMPLEX

If z=a + ib then its conjugate complex is obtained by changing the sign of its imaginary part

& is denoted by z .i.e. Z =a-ib.
Remark:

(i) z+ z = 2 Re(2) (i) z-z = 2iIm(2) (ifi) zz = a2+ b2 which is real

(iv)If z lies in the 1t quadrant then Z lies in the 4% quadrant and -z lies in the 2" quadrant.

Ex.1 Express (1 + 2i)?/(2 +i)?in the form x + iy.

(1+2)> 1+4i-4 -3+4i (-3+ 4i)(3- 4 _ ~9+16+24i _ 7 .24

Sol. oL Ta+4i—1 314 (3+4)(3-4) - theexpression=""g""5 25 " '25
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1-ix
Ex.2 Show that a real value of x will satisfy the equation 1+ix = @~ ib, if az + bz = 1.
1-ix _ _ 1-(a-ib) o
Sol. We have 1+ix =@~ ib or X = 7 (a_ib) (a - ib) [by componendo and dividendo],
o X o l-a+ib {l-a)+ib}{b-il+a)} 2b+i@® +b>-1)
b+il+a) b? + (1+ a)® b? + (1+ a)?
Therefore, x will be real, if a2 + b? = 1.
Ex.3 Find the square root of a + ib
Sol. Let ,Ja+ib = x + iy, where x and y are real. Squaring, a + ib = x2 - y2 + i2xy.
Equating real and imaginary parts, a = x> - y? (i) , b = 2xy .. (i)
Now (X2 + y2)2 = (X2 - y2)2 + 4x?%y2 = a2 + b2 or x2 + y2 = Ja? +b? ...(iii)
[+ x and y are real, the sum of their squares must be positive]
2 2 2 2
N b N
From (i) and (iii), x? = % or X=+= w
, +aZ+b?-a Ja? +b® —a
and y " =+——— or y=t4——
2 2
If b is positive, both x and y have the same signs and in opposite case, contrary signs. [by (ii)].
D. IMPORTANT PROPERTIES OF CONJUGATE / MODULUS / ARGUMENT
If z, z,, z,e C then ;
()z+zZ =2Re(z) ; z-Z =2ilm(z) ; @ =z ; z,+2, =7z,+72, ;
P Z =
2,-7, = 7Z,-2, ; %47, =72.7% [21] -
2 Zz
(b) 1z] 20 ; |zl2Re(2) ; lzloIm(@); lzl=1zl=|=zl; 2z =I7;
z 24
12,2, = |z,|.|z,] ;=0 20, ol =zl
172 1 2 z, ‘22‘ 2
2 2
|z, + zz|2 + |z -z =2 |z +]z] ]
\ \zl\— |zz| | < \zl+zz| < \zl\ + |zz| [Triangle Inequality]
(c) (i) amp(z,.z,)= amp z, +ampz,+ 2kn . kel
(ii) amp (;lj =ampz, -ampz,+2kn ; kel
2
(iii) amp(z") = namp(z) + 2k=.
where proper value of k must be chosen so that RHS lies in (-=n, =n].
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Ex.4 The maximum & minimum values of |z + 1| when |z + 3| <3 are
Sol. |z + 3| < 3 denotes set of points on or inside a circle with centre (- 3, 0) and radius 3.
|z + 1] denotes the distance of P from A = |z + 1 .. =0& |z + 1|rnax =5
Ex.5 Let z,, z, be two complex numbers represented by points on the circle \zl\ = 1 and |zz| = 2
respectively , then
Sol. |2z, +z,|<2lz|+1z] =2x1+2=4
- Maximum value of|2z, + z,| =4  Clearly|z, — z,| is least when 0, z,, z, are collinear.
Then|z z|1A'Z+1<\|+1 24 — 245 =3 z,+ | <3
en|z, — = 1. Again —| <z —| = — = - = = —| <
v 9 2z 2z, |z, 1 2z
Ex.6 Prove that if z, and z, are two complex numbers and ¢ > 0, then
lz, + z,I><(1 +¢) |z,]>? + (1 + c') |z,]%
Sol. |z, +z|>=(z, + z,) (2, +Z,) = 2,2, + 2,2, + 2,2, + 2,2Z,
= |z,1?> + |z,|? + 2R(z,Z,) < |z,]*> + |z,|* + 2|z,Z ]
i.e. |z, + z,|*> < |z,1?> + |z,I*> + |z, |z,]. [1z,l = 1zI]
Incorporating the number ¢ > 0, the last term on the RHS can be written
z 2, |° |z, |?
2|z,| z,] = 2|ez, |92 < |Vez, P + |5 ie., 2|z, lz,| <clz,|? + 2 [2ab < a? + b?]
Je Je c
2
z
Hence |z, + z,1> < |z,1?> + |z,]*> + c|z,|* + 12, =1 +c)lz,lP+ @@+ ct) |z)?
Ex.7 1Ifz, z, z, are the points A, B, C in the Argand Plane such that,
1 1 1 . . .
+ + = 0, prove that ABC is an equilateral triangle .
Z,—2Z3 Z3—%; -7
Sol. letz,-z,=p;2z,-2,=q;2-2,=r=p+q+r=0
Given condition, pg+qr+rmp=0 = p(q+r)+qgr=0 = p(-p)+qgr=0
= pr=ar = (@ =qar = @Ep?’=@n(@r) = Ep’=EP @n(qr)
= (P =(ar) (pqr). Similarly others. Hence PP =0qq =T = |p|=|q| = [F|
Ex.8 Ifz & w are two complex numbers simultaneously satisfying the equations, z2 + w5 =0and z2.w* =1,
then
3 6 1 2 1 6 1
Sol. Z=-wx|z[ =Wz = |wie (W a2="5 =z =—7 3|z =—5x .. ()
w [wi |wl
From (1) & (2) lw| =1& |z] =1=>2Z =wW =1 Again z® = w®® .....(3)
_ 1 _ _ _
and z6. w2=1 = 26=W=w1°(from3) = (ww)(w)l=1=(w)’=1
= W=1or-1=>w=1o0r-1
ifw=1thenz*+1=0and z? = = z=-1
ifw=-1thenz*-1=0andz?2=1 = z=1
Hencez=1&w=-1orz=-1&w=1
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Ex.9 The complex humbers whose real and imaginary parts are integers and satisfy the relation

2Z% + 237 = 350 forms a rectangle on the Argand plane, the length of whose diagonal is

Sol. zZ(Z%+27z?) =2 (x?+Yy?) (x*-y?)=350= (x2-y?) (x*+vy?) =175=35.5=25.7
=>x2+y?=258x*-y’=7=>x=+4&y==%3
T 27 .
Ex.10 Find the area bounded by the curve, arg z =3 arg z =73 and arg(z -2- 2\/1_’>|) = n in the complex
plane . ar92=@ afgz:E
« \ 3 3
Sol. required area, the equilateral triangle OPQ with side 4 z Q P22/3
3
=£ .16 = 44/3
4 /3
0
Ex.11 Find the complex number where the curves arg (z-3i) = 3n/4 & arg (2z+ 1-2i) = n/4 intersect.
) 3n y-3 3n ) '
Sol. arg(z-3i)=—F— = — =tan—— = x+y=3 & arg(2z+1-2i)= —
4 X 4 4
ves L=2 _ tanZ 2y—2x =3 point of intersection is —+~ i
gives 2)(4_1—an4 = 2y -2x = point of intersection is 4 4|
zZ -
Ex.12 If ﬁ_ Z| =1 + |z|, then prove that z is a purely imaginary number.
z _ .
Sol. Given that E_Z =1+ ]z Putz=relt= Z=re™
Z = . .
— E—Z =|et-re® =1+r = (1-r)2cos?20+ (1 +r)?sin?20=(1+r)?
= (1-r)?cos?0-(1+r)?cos?26=0 = c0s’0=0=Re(z)=0
= zisapurely imaginary number.
arg(z-1)) 2
Ex.13 For |z - 1| = 1, show that tan 5 _;z_
Sol. Herez-1=e€e%sothatz=1+cos06+isinod
= z=2coszg+i25in9cos— = z=2cosg(‘ﬂ/2).
2 2 2 2
cos— —isin—
(arg(z—l)j 2i ta 0 i -i6/2 Q_i(Z—ZJ
Hence tan o= 5 = tan = -i.
2 z 2 cos6/2 2 cos®
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| 2izy-2,-2, cos0 +isin® z,
Ex.14 if 2iz, + 2, + 2, cosO—isino |’ then prove that Z, is purely real.
Z,+2 2z, .
z,+i2 %2 — i
2 | L1t 22
Sol. The given relation can be written as 2 _iZ1tZy 2z, i| = 1
- —
z,+2,
2z, I 2z, 2z,
= ., |Isrea = =z = .
z,+2, z,+2, 2,+2,

. z, 7, 7,
= 2,(2,+2,)=2,(z, + 2,) = S TZ =7 ispurely real.

z, z, 1z,
Ex.15 If a, b are complex and one of the roots of the equation x2 + ax + b = 0 is purely real where as the
other is purely imaginary, prove that g2 _ 32 = 4p .
Sol. Let a be the real and ip be the imaginary roots of the given equation. Then
aot+iB=-a= a-if=-37 = 2a0=-(a+ g)and2ip==-(a- 37)
so that 4iap = a? - 32 = 4b = a? - 3?
Alternative solution:

If one root is real and the other is imaginary, their product will be imaginary = b is purely imaginary.
Let b = ik, so that the equation x2 + ax + ik = 0 has one purely real root.

Letitbea=a?+ac+ik=0=0a>+ ga-ik=0.

) . — .
1 ik(a+a - 2ik
¢ ¢ = a2=(—_)anda= —, so that

Hence- —— == — ==
ika—iak ik+ik a-a a—a a-a

k(a+a) - 4K
a-a (a-a)

-  a2- 32 = 4ik = 4b.

Ex.16 For every real number a > 0, find all the complex numbers z that satisfy the equation
2|z| -4az+1+ia=0.
Sol. Wehave2|z|-4az+1+ia=0

Putz=x+iy, Weget, 2 (x> +y®> =4ax-1+4aiy-ia or4(x>+y?) = (4ax-1)? ... (1)

and a =4 ay (by separatingimaginary and real parts)

1 1
= y=§ and 4x’°+ — -16a?x?-1+8ax=0 = x?*(16-64a?>)+32ax-3=0

4
—4a++4a®+3

1 .
as x > 7a (from equation (1))

TN a0-42?)
da++4a>+3 1 3 1
= either —————— > = 3a>4a- .4a3%°+3

16a2—4 4a A(4a-+4a?+3) 4a
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1 1
Ifa > 5 3(a?+ 1) > Ois always true ; Ifa < E,4a2+ 3 < a?is never true

da-+4a?+3 1 3 o

T 7 aaraa’+3) 4
da++4a®+3 i 1
= a+ 432 +3 <0, which can never hold = X=——>3—+—ifa> 7.
16a” -4 4 2
o 1 4a++4a’+3 1 .
= nosolutionif0<a< < andz= ———5——+—ifa> 7.
2 16a” -4 4 2

E. REPRESENTATION OF A COMPLEX NUMBER

(a) CARTESIAN FORM (GEOMETRIC REPRESENTATION) : Every complex number z=x+iy can
be represented by a point on the cartesian plane known as complex plane (Argand diagram) by
the ordered pair (x,vy) .

4 y(Img)
Length OP is called modulus of the complex humber P(xY)
denoted by |z| &0 is called the argument or amplitude. R
eg. |Z| = X2+y2 &
x (Real
0 = tan'y/x (angle made by OP with positive x-axis) o) al ( ):
Remark:
. . ) ) z ifz>0

(i) |zl is always non negative . Unlike real numbers |z| = , 5.0 'SPMOtcorrect

(ii) Argument of a complex humber is a many valued function . If 6 is the argument of a complex
number then 2 nt+ 6 ; n e I will also be the argument of that complex number. Any two
arguments of a complex number differ by 2nx.

(iii) The unique value of 6 such that - = < 6 < = is called the principal value of the argument.

(iv)Unless otherwise stated, amp z implies principal value of the argument.

(v) By specifying the modulus & argument a complex number is defined completely. For the complex
number 0 + 0 i the argument is not defined and this is the only complex number which is given by
its modulus.

(vi)There exists a one-one correspondence between the points of the plane and the members of the
set of complex numbers.

(b) TRIGONOMETRIC / POLAR REPRESENTATION :
z=r(cosO+isin®) where |zl =r ; argz =0 ; Z = r(cos6-isino)

Remark: cos 6 + isin 0 is also written as CiS 6 .
eix +e—ix eix _e—ix
Also cos x = s & sinx = D are known as Euler's identities.
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Ex.17 Express z =

Sol.

_11+—|_\/§ in polar form and then find the modulus and argument of z. Hence deduce
+ i

th I f on
e value of cos- .

Let -1 + i\/§ = r(cosb + i sinB). Equating real and imaginary parts, r cos6 = -1, r sin6 = \/§

1 3 2n
Nowr2=1+3=4,r=2,cose=—§, sin9=7ore=? between -n and =.

2t . . 2@ T .. T
Consequently, -1 + i\/§ = Z(COS?+ISIH?)_ Similarly, 1 + i = \/E(COSZ+IS|an_

( 2n . . 2nj
2 cos? + isin—

\/5 cosE + isinE
4 4

oz =

= \/E cosﬁ + isinﬁ cosE - isinE
3 3 4 4
= \/E <:os@cosE + sinﬁsinE +i sinﬁcosE - <:osﬁsinE = \/E cos@ + isin5—7T
3 4 3 4 3 4 3 4 12 12

5
It is the polar form of z. Obviously, |z| = \/E and arg z = E (principal value).

Again, Z=_1+if/§=(_l+i\/§)_2(l_i)=1{(\/§ - 1) + (43 + 1)}
1+ 1° —i 2
51 _J3-1 51 _3-1
Zcosﬁz 2 or C0312— o2

(c) EXPONENTIAL REPRESENTATION:z=re® ; |z| =r ; argz =0 ; Z =re®

(d) VECTORIAL REPRESENTATION : Every complex number can be considered as if itis the position
vector of that point. If the point P represents the complex number z then, OF = z8& | OF |=|z].

Remark:

(i) If 6P =z =rel’ then Ob =z, =re®*d =z et If 6P and JQ are of unequal magnitude then
0Q=0Pe"

(ii) If A, B, C& D are four points representing the complex numbers z ,z,,z, & z, then
AB || CD if Za=Zs is purely real; AB L CD if Za=Zs is purely imaginary

2,72 2,72
(iii) If z, z,, z, are the vertices of an equilateral triangle where z; is its circumcentre then

(@) z? +z% +25-22,-2,2,-2,2,=0 (b) z? +2z3 +25 =323
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Ex.18 If (1 - i) is a root of the equation, z°-2 (2-i)z2+ (4-5i)z-1+ 3i= 0, then find the other two

roots.
Sol. z +z,+2z,=2(2-1) =2z,+z,=3-i (.z,=1-1i) ... (D
1-3i
againzlzzz3=1—3i:>zzz3=ﬁ=2-i ....... (2)
From (1) &(2)z,=1 &z, =2 -
Z—i
Ex.19 Prove that if the ratio 71 is purely imaginary then the point z lies on the circle whose centre
1 1
is at the point E(l + i) and radius is ﬁ
Sol. Letz = x + iy.
z-i_x+ily-10) {x+ily-D{x-D-iy} _x(x-D+y(y-1) .x-Dy-1-xy
Then, = _ .. = 2 2 = 2 2 T 2 2
z-1 x-1+iy X-D° +y xX-D° +y xX-D +vy
z - 1y 17 1
. . . . _ _ - X _ + —_ — -
Since ,_11s purely imaginary, x(x - 1) + y(y - 1) 0 or 5 y > >
o : o1 i1
It is a circle with radius A and centre 2" o)
1
Therefore, the point z lies on a circle and the centre is E(l + i).
Ex.20 A function f is defined on the complex nhumber by f (z) = (a + bi)z, where 'a' and 'b' are positive
numbers. This function has the property that the image of each point in the complex plane is equidistant
u
from that point and the origin. Given that | a + b/ | = 8 and that b2 =; where u and v are co-primes.
Find the value of (u + v).
Sol. Given|(a+bi)z-z|=|(a+bi)z|=>]|z(@a-1)+biz| =|az + bz |
=>|lz||(@a-1)+bi|=|z||la+bi|] . (@a-1)2+b%2=a2+b? a=1/2
1 255 u
since|a+bi|=8=a2+b2=64= b2=64—z =4 =y - u=255&v=4 = u+v=259
1 i
Ex.21 Show that tan'lg is nearly equal to 16"
1
Sol. We have (5 + i) =./26 (cosO + isinB), where tano =5 and therefore (5 + i)* = 676(cos40 + isin 40).
But (5 + i)* = (24 + 10i) = 476 + 480i ; hence we have
cos 40 = 476/676, sin 40 = 480/676, and tan 40 = 1, nearly. .. 40 = n/4 approximately.
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2

2
z| —|z|+4 .
Ex.22 Find all complex numbers z which satisfy the equation exp [& . (nZ] =log; (|3\/15 + 11l|) .

|z|”+1

2 2
r 2r+4({nz r r+4

1
Sol. e =log;16=8=2"" =2 Sr-r+d4=(P+1)3 Sr=;

2l =2 ;2= (cos0+isino
2—2,2—2(cos + isin @)

orr = -1 (rejected)

Ex.23 If a & b are complex numbers then find the complex numbers z, & z, so that the points z,, z,and a, b

be the corners of the diagonals of a square .

. z
Sol. a-z,=(b-z)e"2=i(b-2) AT 8
a-ib=z(1-i)
a—-ib (a-ib) 1+1i) (a+b)+i(a-b) 4 1
z, = — = = z, =
1-i 2 ! 2
200", P
P d D
- _ ath [(a-b
Similarlyb-z,=(a-z,) e’ = 2= 5
2 2 - =\ = = 21—B_Zl—a
Alternately|z, — & =z, - b” = (z, - a)(z - a) = (z, - b) (Zl b) = = 3 2b (1)
) z,-b wm 2z, -b . ) ) z,-b 7 -Db
A =— | : H =- 21— .. 2
gain arg 2 —a 2 jzl—a is purely imaginary ence 2. —a Z_a (2)
From (1) & (2), 2=2 = A=P vtz _by=o0
lzl_b - Zl_a 1 1 -
) (@a+b)y+i(a-b) a+tb (a-b
or2z7 -2z (a+b)+a+b*=0o0rz = 5 &2 =75 -5
Ex.24 Leta sequence X,, X,, X5+ «uu.n. of complex numbers be defined by x, = 0, x_, , = x2 —iforn > 1 where
iz = 1. Find the distance of x,,, from x ., in the complex plane.
Sol. x,=0, x,=02-i=-i X;=(-i)?-i=-1-i=-(1+1i),
— 0N12 7 = P =.2_.=_1_-= =_1_|)2_i=|=x
X, =[Q1+D)]P-i=2i-i=i, x,=()-i =X X, =( "
X, = X, and hence x, = x, and so on X, =iforn>1,x, , =-1-i
SO X,y =i = (0, 1) in the complex plane, x, .., = (1, -i) = (-1, -1) in the complex plane.

So, distance between x,,, and X, is /12 + 22 = J5

Ex.25 Find the square root of X + (4x* +x2+1) i.

(x2+x+1) (xz—x+1)

Sol. E=x+\/(x2+x+1)(x2—x+l)i= ¥ i2+\/(x2+x+1)(x2—x+1)i

2 2

2
x?+x+1 x?-x+1 .
= {\/ > F \/ 5 '] = JE=+% %(\/x2+x+l+\/x2—x+li)
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Ex.26 On the Argand plane point 'A' denotes a complex number z, . A triangle OBQ is made directly similar
to the triangle OAM, where OM = 1 as shown in the figure . If the point B denotes the complex number

z,, then find the complex number corresponding to the point 'Q" in terms of z, &z, .
OB OA
So. — = —— =0A (. OM=1) B(z.)
0oQ oM
0Q = —OB or |z| = @
OA |z, | Q(z) Az,)
68 - - o) 0
Also amp —— = amp OB - amp OA M
- f—— 11—l
OA
= /BOM - ~AOM = /BOM - /BOQ = 2QOM = amp of z(«£AOM = ~ BOQ = 0)
z
Hence complex number corresponding to the point Q = ~2
Zl
Ex.27 For every real number a > 0 find all complex numbers z satisfying the equation, z |z| +az + 1 = 0.
Sol. Equating real and imaginary points, x x?+y? +ax=0 ... (1)
& y Jx?+y? +ay+1=0 ... (2)
equation (1) gives x =0
S vylyl+ay+1=0 = y?’+ay+1=0 ify>0 & -y>+ay+1=01if y<O0
If y >0 then first equation gives no solution as a > 0 & second equation gives unique solution
a-+a’+4 )
zZ= > i
1+i 1+i) 1+i22 1+i Z
Ex.28 Compute the product |1+ (—) 1+ (—j 1+ (—j ...... 1+ (—j , where nx>2
2 2 2 2
1+i : . o
Sol. Assume T = z ; multiply numerator and denominator by (1 — z) which simplifies to
2n n
l—(zz) 1 2 2 on N 2 2 N\ 2"
. n 1+1 I
= —— N — =—=(1+ 2 = (22) = == =|—
1-z ' ow 1-2z 1-i ( I)(Z) (Z) {(2)} (2)
2
n on 1 . i 1 .
for n>2 (I) =1 = (Z ) = = Given expression = (1—7j 1+
2 2
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Ex.29

Sol.

Ex.30

Sol.

Ex.31

Sol.

Ex.32

Sol.

Find the set of points on the complex plane such that z2 + z + 1 is real and positive

(where z=x+1iy).

x2-y2+ 2xyi+ x+iy+ 1 isreal and positive = (x2-y2+ x+ 1)+ y (2x + 1) i is real and positive
=> y(2x+1)=0 and xX2-y?+x+1>0 if y =0 then x?+ x + 1 is always positive

1 3
= complete x-axis if x=- 7 then — -y?>0 = ye _ﬁ é
2 4 2 ' 2

The altitudes from the vertices A, B and C of the triangle ABC meet its circumcircle at D, E and F
respectively. The complex numbers representing the points D, E and F are z,, z, and z, respectively. If

zZ,-2
Z. —7. _21 is purely real then show that triangle ABC is right angled at A.
2 1
Z3 -2
The angles of ADEF are = — 2A, = — 2B and = — 2C respectively. Also it is given that 7 7 is purely real
2 1

z,-2
= arg(zz_zj=00rn:> n-2A=0orr = A=

or 0 (not permissible)

N a

Hence triangle ABC is right angled at A.
DEMOIVRE'S THEOREM

STATEMENT: cosn0O+isinn0 is the value or one of the values of (cos0+isin0)", ne Q. The
theorem is very useful in determining the roots of any complex quantity .
Remark : Continued product of the roots of a complex quantity should be determined using
theory of equations.

(cos30 +isin30)’ (cos56 — isin560)*
(cos 46 + isin40)* (cos136 — isin130)3

Simplify :

(cos0 +isin0)* (cosO +isin0)>°  (cosO +isin0)
(cos® +isinB)* (cosO +isinB)™°  (cos6 + isinb)

Given expression =

If cosa + cosp + cosy = 0 = sina + sinf + siny, prove that

w

(i) =cos 3a = 3 cos(a + B + y) (ii) Zsin 3a = 3 sin(aa + B + y) (iii) Zcos? a = Isin2a = .

N

To prove (i) and (ii) we put
X =CoSa+isinay=cosp+isinaand z = cosy + isiny.
X+ y+z=(cosa+ cospP+ cosvy)+ i(sina+sinpB+ siny)=20
Now X3+ vy +23=3xyz (- x+y +z=0)
(cos a + i sin a)® + (cos B + i sin B)® (cos y + i sin v)3
= 3(cos a + i sin a) (cos B + i sin B) (cos y + i sin v),
or (cos 3a + i sin 3a) + (cos 3B + i sin 3B) + (cos 3y + i sin 3y)
= 3{cos(a + B + y) + isin(a + B + 7)}.
Equating the real and the imaginary parts, we get
>cos 3a = 3 cos(a + B+ y) and Zsin 3o = 3 sin(a + B + 7v).
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1 1 1 1 ] Xy + Yz + zX
—+ -+ ==X+ +z —_
(i) We have - y "z y or XyZ
= (cosa - i sina) + (cosp - i sinB) + (cosy — i siny)

(cosa + cosp + cosy) - i(sina + sing + siny) = 0,

i.e. Xy +yz + yx = 0.

Now (x +y + z)> = x2 + y2 +
x2+y2+2z2=0 (- x+

or Xcos 2a + i Zsin 2o = 0.

z2 + 2(xy + yz + yx)
y+z=0,xy+yz+ zx = 0),
It leads to Zcos 2a = 0, i.e., X cos?a = Isin? a = k (say).

2k = Xcos? a + Xsin? o = 3, or

?T
Il
N w

3
Ex.33 If cos (a—B) + cos (B—y) + cos (y—a) = -5 then prove that,

cosd4a=23cos2(B+y)&Isinda=2Tsin2((B+7).
Sol. Letx=cosa +isina,y=cosB+isinB,z=cosy+isiny— (1)
SX+y+z=(cosa+isina)+ (cosP +isinp)+ (cosy +isiny)
= (cosa+cosP+cosy)+i(sina+sinp+siny)=0+i.0=0(asgiven)
Nowx +y+z=0givesx +y =-zor (x+y)2=2z2, (squaringboth sides)
ie. X2+ y2-z2=-2xyor(x2+y?-2z2)?2=4xy?, (again squaring both sides)
or X*+y*+z4+2xy2-2x222-2y?Z22=4x2y?20r x*+y*+2z*=2(xPy?+y?z? + z?2%x?)
or X x*=23%y?z?, (expressing in the summation notation)
or T (cosa+isina) =23 (cospP +isinP)?(cosy+isiny)?, putting for x, y & z from (1)
or T(cosda+isinda)=23(cos2B+isin2p)(cos2y+isin2y)=2Z[cos2(B+7y)+isin2(B+7y)]
Equating real and imaginary parts on both sides, we get
2cosda=232cos2(B+y) and Esinda=2%sin2 (B +y)

(X+a)" = (x+p)"

o-p

Ex.34 If o, B be the roots of the equation u?-2u + 2 = 0 & if cot®6 = x+ 1, then is equal to

Sol. wW-2u+2=0=u=1=i

HS < [(cot6 — 1)+ (1+1)]" —[(cotd =) + (1= D)]" (cosb +isinG)" — (cosd — isinG)” _ 2isinno _ sinnd
- 2i B sn"0 2i “§n"e 2i  sin"o

G. CUBE ROOT OF UNITY

(i) The cube roots of unity are 1, ~1+iW/3 , —1—2'\/3_
2
(i) If o is one of the imaginary cube roots of unity then 1 + ® + ®2 = 0 . In general

1+0"+0*=0 ; where rel but is not the multiple of 3.

2 2 4 4
(iii) In polar form the cube roots of unity are : cos 0 +isin 0 ; cos ?n +isin ?n , COS ?n + isin ?n

(iv)The three cube roots of unity when plotted on the argand plane constitute the vertices of an
equilateral triangle.

(v) The following factorization should be remembered : (a, b, c € R & o is the cube root of unity)
a’- b3 =(a-Db)(a-wb)(a-w2b) ; X2+ x+1=(X-0)(X-0?) ;
a*+b3=(a+b)(a+ ob)(a+ o’b) ;
al+ b3+ c?-3abc=(a+ b +c)(a+ ob+ v2c) (a + w2b + wc)
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Ex.35 Prove that a3 + b> + ¢3 - 3abc = (a + b + ¢) (@ + bo + cw?) (a + bo? + co),
where o is an imaginary cube root of unity.
Sol. We have a3 + b3 + ¢ - 3abc = (a+ b + ¢) (a2 + b2 + ¢c2 - ab - bc - ca)
Now a2 + b? + ¢2 - ab - bc - ca
=a2+ b+ + (0 + w?)ab + (0 + ®?) bc + (0 + w?)ca ['v o + 0 = -1]
= (a? + abo + acw?) + (ban? + b’?0® + bce*) + (cam + cbw? + Cc?w?)
= a(a + bo + cw?) + bo?*(@a + bo + ce?) + co(a + bo + cn?)
= (a + bo + cw?) (a + be? + cw)
a+ b3’ +c2-3abc=(@a+b+c)(a+ bo+ co?) (a+ b’ + co)

19+7i  20+5i
9-i ' 716

and 'B' denotes the sum of the imaginary parts of the roots of the equation z2 - 8(1 - i)z + 63 - 16i =0

Ex.36 Let 'A' denotes the real part of the complex number z =

and 'C' denotes the sum of the series, 1 +i +i2 + i3 + ..... + i2008 where i = /_1.

and 'D' denotes the value of the product (1 + 0)(1 + 02)(1 + 0*)(1 + »8) where o is the imaginary cube

C+D

root of unity. Find the value of

Sol. A=Re(2)

(19+7))(9+i) (20+5i)(7-6i) 171+82i—-7  140-120i +35i +30
= + = +

nowz 82 85 82 85

_164+82 170-85i

+ =2+i+2-i =4 + 0i =
82 85 24+i+2-i = z=4+0 = A=4
Let a=x+iy, p=a+ib = a+p=(x+a)+i(y+b)=8-8i y+b=-8
sum of the imaginary parts of the roots of the equation = - 8 B=-
o - - (1_|2009) 1—i A—-B 448
S=14+i+2+B+..... +2008 =—— = =—— =1=C=1,D=1.H
i+ i i i 1 o = , ence CiD ~ 111

Ex.37 Let Z = 18 + 26i where Z;, = X, + iy, (Xq, Yo € R) is the cube root of Z having least positive argument.
Find the value of x,y,(x, + Yo)-
Sol. Let Z=18 + 26i. Letrcos 6 = 18 and rsin 6 = 26

26 13 T 0 T
r2 =324+ 676 = 1000 = r=1o\/ﬁ;tane=ﬁ = g ihence 0 e (0,—j; 3 (O’Ej

6 .. 06
Z1/3 = [10410 (cos 6 + i sin 0)]%/3 = 10{0055"" S'ng}

3tan(6/3) —tan®(6/3)  3t—3
= where t = tan

nowtan 0 = 1—3tan2(6/3) = —1_ 31 3
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- 13(1-3t) =9(3t-t3) = 13-39t2=27t-9t3 = 9t3-39t2-27t+ 13 =0

= 3t2(3t-1)-12t(3t-1)-13(3t-1)=0 = (3t-1)(3t2-12t-13)=0
. o 1 0 (o n) G 1 . 0 3
an; = & = " sin, = —~ and cos< = [~
3-37 3°U's - 3~ 410 3~ 410
ZY3=1+3i = xy=1landy,=3 = XgYg (X +Yp) = 12
6n
Ex.38 If (1 + x + x?)3" = Z a x", then compute the value of , a;, + a; + a,, + ...... + a,,
r=0
Sol. (1+x+x?)=a,+a,x+ax*+a,x*+ax*+ax>+axt+.... + ag xo"

Putting x=1=3"=a,+a,+a,+ta,+a,+ta, +ta,+..... + a,,
x=0o=>0=a,+a,0+a,0°ta,+a,o+ae0’+a+.... + a,,
x=0'=0=a,+a,0*+a,0+a,+a,0*>+a,o+a,+.... + a,
X=-1=1l=a-a+a,-a,+a,-a,+a,—.... + a,
Xx=-o=(-2)P"=a,-a,ot+ta,o’-a,+a,o-a,0’+a,- ... + abn
x=-o’=(-2)"=a,-a,0°+ta,0-a,+a,0’-a,0+ a3, —...... + a,,
3N _1\3n 3n+1

Adding3 +l+(61) 2 =a,+a,+...... +a,,

Ex.39 If 'n'is odd and not a multiple of 3, prove that x (x + 1) (x> + x + 1) is a factor of

(x+1)-x"-1,neN.

Sol. letf(x)=(x+1)"-x"-1

putx=0;f(0)=0=  xis factor of f(x)

putx=-1;f(-1)=-(-1)"-1=1-1=0= x + 1is a factor of f(x) .

Putx=o0;f(o)=1+0)"-0"-1 = oo?*.®"-0"-1 = 2P =-0?"-(o"+ 1)

=-0?"-[1+ 0"+ 0 - > = -2 + " =0(1l+o"+0>=0)

Similarly put x = ®? and proved f (w?) = 0 . Hence the expression

X(X+1)(x2+x+1)=x(Xx+1) (X-0) (X-w?)divides f(x). ~.z=-1-i

Ex.40 If (1 +x)" =C, + C,x + C,x* + ...... +Cx" (neN; C =rC)and
S, =C,+C, +C, +....... ; S,=C,+C, +C, + ... ; S,=C,+C, +C, + ...
, . 1 (., rn
Show that the values of S, S, & S, are respectively given by, 3 2 +2005?
with, r=n for S, ; r=n-2 for S, & r = (n+ 2) forS..
Sol. Putting x = 1, o & o? in the expansion of (1 + x)" where o is the cube root of unity.
2" = C,+C +C, + ... +C, (1)
1+o) =C +C o+ Co + ... + C o L (2)
1+e) =C +C o+ Co*+ ... + C o™ L 3)
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nm
Adding 3S, =2"+ (1+ )" + (1+0*)"= 2" + 2Re partof (1 +w)"= 2" + 2cos 3 (verify)

l ( ) rnj
= = |2"+2cos— =
S 3 3 where r n

1
Again (1) + (2) xo?> + (3) X gives
n-2
3

35,=2"+ o®(1+0) + o(l+’)"= 2" + 2Repart of o’(1+ w0)"=2"+ 2cos T

1 n rm
S, =3 2" +2008—= where r = n - 2. Similarly S, can be found out

H. N* ROOTS OF UNITY

If 1,0, o, 05.uuns a, , are the n, n™ root of unity then
(i) They are in G.P. with common ratio e®¥m

(i) 17+ ol +ad+ ... +ah_; = 0 if p is not an integral multiple of n
= n if p is an integral multiple of n
(iii)(1 -a,) (1 -0,) ... 1-0o, ) =n
1+oa)@+a). ... (1+o, ,)=0 if nis even and 1 if n is odd.
(iv)l.a,.q,. o = 1 or -1 according as n is odd or even.

Ex.41 Find the 10% roots of unity and show that the product of any two of them is again one of the 10 roots.

Sol. Forr=0,1, 2, ..... , 9, the 10* roots of unity are given by z!°® = 1 = cos(2rn) + i sin(2rn)
) o 2rm . . 2Im ;
So by De Moivre’s theorem, z = [cos(2rr) + i sin(2rx)]¥° = cosE + ISIHE =0,

where ® = cos(n/5) + i sin(n/5). Let z, = 0" and z, = ©° (0 <1, s <9) be two of these 10* roots.
r+s
Then ZZ, =0 "° = cos= +isin= = CO0S (r+s)E + isin (r+s)E
en 4142 5 5 5 5|

If0<r+s<9, then zz is also a 10" root of unity. On the other hand, if r + s > 10, let r + s

kn) . . kn kn . . kn
= 10 + k, where 0 < k < 8, so that ZiZ, = COS| 21 + 3 +isin| 2m + =" cos? + |S|n?,

showing that z,z, is a 10" root of unit in general.
Ex.42 Determine the value of z when z6 = /3 + i

Sol. \/5 +i= 2[003% + isingj = Z{COS[ZKR + %) + isin(an + gj}, k = any integer.

b
s 2km + — 2km + —
Now  z=[3+if*=2v0 cos— O wisin— 8}, where k =0, 1,2, 3, 4, 5.
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Ex.43 Find the real factors of x® + 1.
Sol. To factorise x5 + 1, we first find the roots of x® + 1 = 0.
xX6+1=0 or x® = -1=cos(2k + 1)xr + i sin(2k + 1)x,

2k +1 - 2k+1
or X = cos 6 n + i sin 6 n, where k = 0, 1, 2, 3, 4, 5.

T .. T T .. T 50 . . 5=n
COS— + ISIN—, COS— + I1SIn—, COS— + ISIN—
X = 6 2 2 6 6
57 . . Bn T .. T T .. T
cCOS— —IsIn—, CO0S— —ISsIin—, COS— — ISIn—
6 2 6 6
3 .1 V43 .1 . . 3 .1 3 .1
or X=—+i=,——iZ,i,—,——+i=, —— —i=.
2 2 2 2 2 2 2 2

Hence x® - 1 = (x = i) (X + 1) (x——g—lJ[x—ﬁJrlJ X [x+£—l][x+£+l]
2 2 2 2 2 2 2 2

2 2
= (x2 + 1) (x—gJ +% [H@] +% = (2 + 1) (¢~ B3x + 1) (@ + J3x + 1).

T 2n 4 1
Ex.44 Resolve z7 — 1 into linear and quadratic factors and hence deduce that cos; . cos7 . cos7 =35

Sol 7™ roots are 1 (cosﬁ +isn ﬁj [cosﬂ +isn —nj
- 7 7 7 7 7 7 o orrranes

Hence (z7-1) = (z - 1)(22 - 2<:osz—7TC zZ+ lj (22 - 2cos4—77t z+1j (22 - 2cos6—7TC z+1j
Putz =i

-(+1)=+(i- 1)[—20052—7E ij (—Zcosﬂ ij (—2003@ ij
7 7 7

6 47

i+1)=(-1-i)8 2n an - 1=28 z =z -
= - (i )=(-1-1) cos7 cos7 . cos 7 = = cos7.cos7 . Cos 7
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Ex.45 If the expression z°> - 32 can be factorised into linear and quadratic factors over real coefficients as
(z°-32) = (z - 2)(z2 - pz + 4)(z%2 - gz + 4) then find the value of (p2 + 2p).

4
Sol. 7z°-32=(z-2z)(z-2,)(z-2,)(z-23)0(z~-2,) = H (z-z)
i=0

where z;. ,

2mn . . 2mn
i=0,1,2,3,4aregiven by z, = 2| COS 5 +1sin 5 (using Demoivre's Theorem)

, 2 . . 2% At . . 4xn
withm =0,1, 2, 3,4, wegetz, =2,and z, = 2 cos?+|sm€ ;oZ,= 2 cos?+|sm? ;

6n . . 6m 8t .. 8n
zy= 2 COS—+isin— |; z, = 2 cOS—+isin—
5 5 5 5

using (z—a)(z-a) }

2n 4n
2 _ zn 2_ an
hence, z5-32=(z- 2)(2 4cos 5 z+4j (z 4cos 5 z+4) { :22—(a+_oc)z+a2

2
p= 4cos?n =4 cos 72° = 4 sin 18°

V5-1 5+1
pZ + 2p = [16sin218° + 8 s5in18°] = 8[1 - cos 36° + sin 18°] = 8 1+ 4 4 =4
Ex.46 Let A (k =1, 2, .... n) be the vertices of a regular m — polygon inscribed in a unit circle then
r=n
prove that, 2|A1Ar| =n.
r=
A,
Sol. If o, a,,....,a _, aren™ roots of unity then,
Q
2 2 2
(1-0) (1-0) e (Lm0, ) =n= o Loy lmo | =02 [\
1
when a, = cos 6 + sin® and 6 = 2z/n A
(1— ocl) (1— ocl) ...... (1 o, 1) (1 o, 1) = n?2
A| A2
_ _ _ 6
Now (1-a,)(1—-oy)=1-(0y+0y)+ a0 = 2 (1-cos o) =4sin 3
0 20 30 (n+Do
=2sin5 . 2sin—/" . 2sin—/ ... 2sin"—"— =n= IALA] JALA] ALA] ... |AJA| =n
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Ex.47 Find the roots of z" = (z + 1)" and show that the points which represent them are collinear. Hence
show that these roots are also the roots of the equation,

.mn2_2 . mn)’
ZsmT Z°+ anT Z+1=0 where m=1,2,3,..,(n-1) & |z| is finite.

[N

£+2
2

NI~

= ()" = z=-

|:1+icotm:|, 2:_l l_icotm
n 2 n

. mmn s M7
5 100577 — S -
or 227= M m=0, |z| = finite

SN —q-

_ . mn oomr mmn
27 smT + smT =i cosT ; square and get the result

SUM OF IMPORTANT SERIES

=

sin(n6/2)

_ n+1
(i) cos®+cos26+cos36+ ..... +cosnb = —sin(elz) cos (—2 je.

sin(n6/2)

o _ _ ) singnv/2) - (n+1
(ii) sin® +sin 26 + sin 306 + ..... +sinno = sin(0/2) sin (—2 je.

Remark : If 6 = (2n/n) then the sum of the above series vanishes.

Ex.48 If 0 # kn, show thatcos® sin6 + cos?0 sin 20 + ..... +cos" 0 sin N0 = cotd(1-cos" 6 cos no)
Sol. S = cos0 sind + cos?0 sin 20 + ..... + cos" 6 sin no
and C = cosb cosO® + cos?0 cos 20 + ..... + €0s%0 cos no
so that C + iS = cosb z + cos?0 z2 + .... + cos"0 z", where z = cos® + i sinf. In other words,

cos 6z[1 — (cos6z)"] cos 0(cos O + isind) [1 — cos" B(cos nO + isin nO)]
- 1- cos0z a 1 - cos6(cos0 + isin0)

C+iS [6 = kn]

cos0(cos O + isin0) [1L - cos" B(cos nO + isin nB)]  cos6(cosO + isind) [1 — cos" 6(cos nO + isin no)]
sin?f — icos0sin® - —isinB(cosH + isinb)

= i cotd(l - cos"® cos n® - i cos" 6 sin no)
Equating the imaginary parts we therefore get S = cot0(1 - cos" 6 cos no).

1 1 1
Ex.49 Find the sum of the infinite series, sin a +E sin 2a +§ sin 3a +§ sindo + ...... o .

1 1
Sol. LetS=sina+§ sin2a+ ...... and C=c05a+E cos 2a + ...... r=‘—e

e 2e o _ 4cos oo—-2 . 4sina
=— = — , simplifyingC +iS = i
_lgi 2_gl 5-4c0s o 5-4c0s o
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n-1
T n
Ex.50 Use complex numbers to prove that the sum, ZO cos? (Ot + n j =5 wherene N, n>2.
r=

Sol. LHS = cos?a + cos? (a + 0) + cos? (o +20) + ...... + cos? (a+ (n-1)0) where 06 =

S|a

=)

1 -
=5+5 cos2a. + cos2(a + 0) + cos2(a + 20) + ...... + cos2 (oc +n- 19)]

Consider ¢ = cos2a + cos2(a. + 0) + ...... + €0S2 (a +n-— 19) and

s = Sin2a +8sin2(a +0) +...... +sin2(a+n—16)
. . [ i20 | 40 'Z(HG)}
= CH4+is = ei2¢ l+e“ +e™ +..... +
[eiZne _ 1] gl2e gino [eine _ e—ine] (207750 [2i Sinne]
— i2a = = -—_
€ 29 _ 1 i [eie _ e—ie] 2i sind
sin n® — i
Equatingreal part ¢ = — [COS 20 + n—19] =0 if 6=~
q g P sind ( ) n

n
Ex.51 If A and B are supplementary angles and n is odd integer, then prove that z "C, cos(nA+r(B-A)) =0
r=0

Sol. A+B=nx = eh + e® = 2isin A = (e + e®) = (2isin A)"

n
As nis odd integer. =  Real partof (e*+ e®)"=0 =  Real part of Z "C eln-nA e = Q
r=0

n

= Z "C.cos (NnA+r(B - A)) =0.

r=0

J. STRAIGHT LINES & CIRCLES IN COMPLEX NUMBERS

nz,+mz,

(1) If z, & z, are two complex numbers then the complex number z = o

divides the joins

of z, &z, in the ratio m: n

Remark:

(i) Ifa, b, c are three real numbers such that az, + bz,+cz,=0; where a+b+c=0 and
a,b,c are not all simultaneously zero, then the complex numbers z,, z, & z, are collinear.

(ii) If the vertices A, B, C of a A represent the complex nos. z, z,, z, respectively, then
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Z,+Z2,+Z4

(a) Centroid of the A ABC = 3

(asecA)z; + (b secB)z, + (¢ secC)z; OR z; tanA + z, tanB + z5 tanC
asecA +bsecB+csecC tanA + tanB + tanC

(b) Orthocentre of the A ABC =

(c) Incentre of the A ABC = (az, + bz, + cz,) - (@ + b + c).

(d) Circumcentre of the A ABC = (Z,sin 2A + Z,sin 2B + Z,sin 2C) = (sin 2A + sin 2B + sin 2C).

1 1 1
Ex.52 Prove that the roots of the equation + + = 0 where z, z,, z, are pairwise distinct
-2, 2-2, 1-14

complex numbers, correspond to points on a complex plane which lie inside a triangle with vertices
z,, Z,, Z, Or on its sides.

Z-7 Z2-7 Z-1 z-2, 72-2, Z-2Z zZ-2 z-2 z-2
Sol. 27" 2 T 7 =0 = Ly 2 320 or 1, 2 4 5 _o
|Z - 21| |Z - Z2| |Z - Z3| a b C a b C
2
where|Z—Zl| =aetc|z-z/|>°=b,|z-2z|>=cC = bc(z-z)+zc(z-2z,)+ab(z-2z)=0
let bc=t ;ca=t,;ab=t, = t(z-z)+t(z-2)+t(z-2)=0
t,2, + 1,2, + 57,
= (t+,+t)z=tz +tz, +tz, = z= t1t, + 1,
_hz+tzy i+t . t;2, _ b+t . t32,
t,+t, L+t +t; 4+t +ty 4+t 1 t,+1, + 1,
t,+1,)Z2 +1,2
= z= (4 d 22 =  zliesinside the Az, z,z,
t,+t, +1, z, Z,
Ift, =t, = t, = z is the centroid of the triangle . Alsoifa=b =c
= \z—zl\ = \z—zz| = |z—z3\ = z is the circumcentre. if t;, = 0 = z lies on the line joining z, and z,
Ex.53 z,, z, and z, are the vertices of a triangle ABC such that |z,| = |z,| = |z;|] and AB = AC. Prove that

(2, +2,)(2,+2,)
(2, +25)°

is purely real.

Sol. Since |z,| = |z,| = |z,] = Circumcentre of AABC is at the origin = Orthocentre (z,) of AABCis z, + z, + z,
Also angle subtended by AB and AC at the orthocentre are A + B and A + C respectively.
= angles subtended by the sides AB and AC at the orthocentre are equal.

2,+2,+2,-2, ) _ (2,+2,+2,-2, Z,+25 )| z, +2,
= arg =arg = arg =arg ——=
2,42, +25 -2, Z,+2,+25-2, z,+2, Z,+12,

(21 +23)(21 +2,) (2, +23)(2, +2,)
T @z )T T (Z+z)

is purely real.
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Ex.54 z,, z, and z, are the vertices of an isosceles triangle in anticlockwise direction with origin as incentre.

Sol.

Z;-12 n
If arg [Zz —Zi] >E , then prove that z,, z, and kz, are in G.P. where k € R*.

Let z,, z, and z, represent the vertices A, B and C respectively of triangle ABC.
Now ZA > 90° and triangle is isosceles = /B=/C.
(n B (n C
n B n C Z) Z I[E+EJ Z, Z, '(E*Ej
/AIC = -+ /BIA= -+ —=|1® .. 1 —=|"1° (2
C 5 2and >t = Z Z, (1) and 2, 2, (2)
(B-C
o . . 2 |zl (%) AZ)
on dividing equation (1) by equation (2) we get =
2,23 |z, z5|
Zf |Zl |2 | b B C (O
= = = positive real number (- £ZB =«
2,2, 12,1251 =P ( )
B(z.) C(z,)

= z? =kz,z,wherek e R*.  Hence z,, z, and kz, are in G.P.

Ex.55 LetA(z,), B(z,) and C(z,) forms an acute angled triangle in argand plane having origin as it’s orthocentre.

Sol.

Prove that z,z, +7,2, =2,7;, + Z,2; = 2,7, + Z,2,.

.om Az,)
Clearly the angle between BC and AH is E '
Z;3-2, _ _ 23—22+23—z2 H(O)
= ~ _ ispurelyimaginary, = = =0
Z Z Zy
C(z,)
7 7.7 4723 7 = 7 427 -27 7 B(z,) R
= 232,-2,2,+2,23-2,2, =0 = 232, +2,253 =212, — 2,2, 2
2,-2, Z3-2, _ _ _ _ _ _ _ _
We also have . + 5 =0 = Z523+25Z3=21Z0+21Zp = 2,2, + 2,2, = 2,25 + Z3Z, = 232, + Z,Z4
2 2

(b) amp(z) = 0 is a ray emanating from the origin inclined at an angle 6 to the x-axis .

(c) |z-al = |z-bl| is the perpendicular bisector of the line joining a to b .

(d) The equation of a line joining z, & z, is given by ; z = z, + t (z,-z,) where t is a parameter.
(e) z=1z (1 +it) where t is a real parameter is a line through the point z, & perpendicular to oz,.

(f) The equation of a line passing through z, & z, can be expressed in the determinant form as
z z 1
z, 77 1
z, 7z, 1

= 0 . This is also the condition for three complex numbers to be collinear.

(g) Complex equation of a straight line through two given points z, & z, can be written as
2(z,-2,)-Z(z, - 2,) + (222, - % 2,) = 0, which on manipulating takestheformas az+aZ+r=0
where ris real and a is a non zero complex constant.
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Ex.56 A and B represent z, and z, in the Argands plane . The complex slope of AB is defined to be ﬁ .

Sol.

Ex.57

Sol.

Ex.58

Sol.

2 -7

Prove that the two lines in the Argand's plane with complex slopes o, and o, will be perpendicular if and
only if o, + o, = 0. Also find the condition for two lines with complex slopes o, and o, to be parallel.

; . Z, -7, . ) ) ,
If /, is perpendicular to /, then — is purely imaginary s

4, -2 -2 z,-2 Z, -2 Z, 7
N 2 ,a47% g, Aa"% ST 4 4

Z;-2, Zy -2, Z, -7, Z, -2,
= o, +o,=0, similarly forparallel o, -o,=0 Z,

(h) The equation of circle having centre z, & radius p is

\z—zo\ = p Or 2Z -2,Z - 72,2z + Z,z,-p2 = 0 which is of the form

ZZ+az+0Z+r =0, risreal centre —a & radius /oo — r . Circle will be real if aca—r>0.

(i) The equation of the circle described on the line segment joining z, & z, as diameter is

z-z, _ 4,
z-12 2

arg or (z-z)(z-z2,)+(z-2)(z-2,)=0

2,-2, 2,-2,

() Condition for four given points z,, z,, z, & z, to be concyclic is , the number is

z,-2, 2,-12,
real. Hence the equation of a circle through 3 non collinear points z,, z, & z, can be taken as

(z-2,)25-2,) is real — (z-2,)25-2,) _ (z-7,\Z5-71)
(z-2,)25-2,) (z-2,)25-2,) ~ (z-2,)Zs-2Z,)

Show that the equation of the circle in the complex plane with z, & z, as its diameter z

can be expressed as, 227 —(2,+Z,) z-(z, + 2,)Z + 2,2, + 2,2, = 0 .

_ z z
z-2, T Z-2 . o z-z, 7-%Z ‘ i
arg =+ — = is purely imaginary = +——— =0 = Result
z-2, 2 z-1, z-2, Z-17,
) z-1 z-1
Prove that the equations, i constant and amp 711 - constant on the argand plane represent

the equations of the circles which are orthogonal.

Put x+1=0o0orx2+y2+2gx+1=0

-1

z 2
Similarly the other equation, amp(mj = preduces to, x> + y? _E y+1=0o0rx2+y2+2fy-1=0
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Ex.59 In the equation, z2+ 21z + 1 = 0, A is a parameter which can take any real value . Show that if

Sol.

-1 < i< 1, the roots of this equation lie on a certain circle in the Argand diagram, but thatif A > 1,
one root lies inside the unit circle and one outside . Prove that for very large values of & , the roots are
approximately -2 A, - 1/2.

—2ht4422 -4

2

orz=-A%,1-)22 i(f-1<i<1) orz=-A*piwherey1-2> =pn>0

LZFA=pi o orz+r=—pi = Z+ A =—-piorz4+) =pi

22+21z+1=0=2z= orz=-2% H%-1

Hence(z+x)(m) =12 or (z+k)(m) =2 =lz+al=p
Hence 'z' lies on a circle with centre — and radius p .
Againletr>1,wehavez=-A+ {22 -1 or—a— 422 -1
Hencez=-L1+p orz=-LA-u where w=x+1;z=-1£npn.

7| |z,| =|0* 2| =1

If z, & z, are the roots then ,[z;| = | -a + ul| &|z,| = [A + ] ;

= if| Zl| <1 then|22| > 1 i.e. one root lies inside the unit circle and the other outside the

unit circle . Further, if A islarge , A2 = p2 + 1 = Az p
Cr+w) (rA-p _22-p® 1
(-2 - ) ~r-p 22

Hence therootsarez, = -A-p= -2iandz,=-A+p=

Ex.60 Find the equation of the circle in argand plane which passes through non real cube roots of unity and

touches two sides of triangle with vertices as cube roots of unity.

1 1/.J3| 3
Sol. Clearly triangle PQR is an equilateral triangle. Now, QM = E |o-w?| = 2 27 :7 units.
V3
M No
In AQO'M, QO' = _Q600 =%=1 unit
sin V3 P(1.0)
2
Re(z)
And O’'0 = QO’ = 1 unit (radius of circle)
Point O’ is given by (-1, 0)
= equationofcircle |z+ 1| =1= zz+z+Z2=0
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Ex.61 Complex numbers z, z,, z, are represented by the points of contact D, E, F of the incircle of triangle
ABC, with the centre O of the incircle taken as the origin. If BO meets DE at G, find the complex number

represented by G.
Sol. Let te incircle touch AB at F. Let O be the origin and let z,, z,, z, be the complex numbers represented

by D, E and F respectively. Since C is the point of intersection of the tangents to the circle at D and E,

2z,z, 22,2,
C represents the complex number 7 47 Similarly A and B represent the complex numbers 7 +7
1 2 2 3
22,74 . .
and 7 +7 . Letr be the radius of the incircle. = |z,| = |z,| = |z,] = r.
1 3

Z 7 2,227, —

. . . Y4 V4 V4 1414343

Equation of the line BO is =—— = T orz= 4 —==—"12
22,2, 22,7, 22,2,2,7, Z,Z3

Z,+2y Z,+Zy  13(Z,+Z5)

= 212322 21232 ///(1)

z-2, z2-17,
Equation of line DE is = = . Where it meets (1), we have

77 2
2. |A%s gz 2T B D(z,)
2-2, _ %% _hfs 4 (z,-2,)z4

= > 3 _\aT %) L
z,-2, Z,-2, r r = z= z,+ 2, which is represented by G.

Z, 7

Ex.62 A(z,), B(z,), C(z,) are vertices of right angled triangle, z_being the orthocentre. A circle is described on
AC as diameter. Find the point of intersection of the circle with hypotenuse.
Sol. Let d be the point o intersection

2,2 _ Z.—Z 2 Az)
NAAPC |z, —2] "z, 2] 4
Zp—Zc _ Za=Zc inI2
MAABC 1z, -2, 1 12, - 2|
Dividing both, we get
(Za—2)zp—2.|_(z.-2)|Z, - 7|
|2, -21(2o-20) |2, -2|(2,-2.) B(z) C(z)
tan(ﬁIZC—lelzb—ch . (Za—Z)XIZb—chzz(ZC—Z)
lz-z,| lz.-2z,]| (Zo-2:) |2o-2, 1 (za-2c)
Z, -2, 2,(zp —2.)-2:(2, - Z,)
= (z,-2) (Ea_zc] =(z.-2) = z= (z, - 2,)

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-info@motioniitjee.com

MoTioN

Nurturing potential through education




[ COMPLEX NUMBER|

Page # 27

Ex.63 If complex humber z lies on the curve |z - (-1 +i)| = 1, then find the locus of the complex number w

Sol.

=Z_—i_.lai:V_l.
1-i
lz-(-1+0)] =1 = lz+1-i]l=1 ...(1)
Z+i
AIsow=E = l1-Hhw=z+io(1l-)w-i=2z
_ ) ) _ _ 1-2i (A-2)@a+i)| 1
S|(1-DDw-i+1-il=|z+1-i] = |1-1i] W+ﬁ =1 = +m—ﬁ
3+ 1 w ik 1 locus of w is a circle centered at[ 3 lj and radius i
= — | = = = - | = = = -z .
2 | 2 2 J2 2’2 V2

(k) Reflection points for a straight line : Two given points P & Q are the reflection points for a
given straight line if the given line is the right bisector of the segment PQ . Note that the two
points denoted by the complex numbers z & z, will be the reflection points for the straight line

az+0z+r=0 ifand only if ; oz, +aZ,+r=0, where r is real and a is non zero complex

constant.

(I) Inverse points w.r.t. a circle : Two points P & Q are said to be inverse w.r.t. a circle with
centre '0O' and radius p, if :
(i) the point O, P, Q are collinear and on the same side of O. (ii) OP. 0Q = p%
Note that the two points z, & z, will be the inverse points w.r.t. the circle

zZ+az+az+r=0 ifandonlyif z,Z, +az +az,+r=0.

Ex.64 A, B, C are the vertices of a triangle inscribed in the circle |z|] = 1. Altitude from A meets the circle

Sol.

again at D. If D, B, C represents complex numbers z , z,, z, respectively, then prove that the complex

2,2,+223 —Z,7Z,
Z, !

number representing the reflection of D in the line BC, is

If the reflection D in BC is P(z,), then [z, -z

5 J =1z, -z and |z, - z,| = |z, - z,].

The first relation is (z, - z,) (z,-2,) = (2, - 2) (Z, - Z5)

or2-222,-22,=1-2,2, —2:2, + Z52Z¢ (since z,z,=1=2,27,)

4L L _,5 %5 5 _
ori-7 " =Z5Zs 2, ZsZ, or  z,(z,+z) - (2§ +25)=75(25 - 2,)2,2, (1)
Similarly, form the second relation, z,(z, + z,) - (27 + 23) = Z; (2, - 2,)2,Z,. - (2)
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Ex.65

Sol.

Eliminating z, from (1) and (2), we get
Z3(25 - 23) [21(22 + Zs) - (Zf + Zg)] = Z2(25 - Z2)[21(23 + Zs) - ((ZJZ. + Zg)]

— 2 — 2
orz(z,=2z)(z; -2,2,-2,2) =(2,-2,) (z7 (2, +2) -2,2,2, -2,2(2, + z,))

or(z;-2z,)(-z,z, + z,(z, + z;) -2,2) =0 (z,#2)0r-z,z, +z,(z, + z,) - z,z. = 0(z, # Z,)

2,2, +2,2; — 7,2,
Zl

Hence z, =

Alternate : Let H, G and O be respectively the orthocentre, the centroid and the circumcentre of

ZyZ3
AABC. Let A and H represent the complex numbers z, and z, = z,=-",
4 Alz.)
ZyZ3

= 2z, =- ", andthe complex number associated with the G is fiz)t

1 5

z,Z C(z, B(z,

z,+2z,— 253 (.)\-1/ (2,)

Z)+23+27, _ Z, _2Z,+2)75-7,75 bz)
3 3 3z,

Now the orthocentre is the reflection of D in the line BC, and G divides HO in the ratio 2 : 1. Since O

22,422, -2,2, Z 22,+2,2,—2,2
represents the complex number zero, —1-2 31 8 23 :?5:>z5 =12 13 23
Z) Z

PTOLEMY’'S THEOREM

It states that the product of the lengths of the diagonals of a convex quadrilateral inscribed
in a circle is equal to the sum of the lengths of the two pairs of its opposite sides.
i.e. |zl—z3| |zz—z4| + |zl—22| |z3—z4| + |21—z4| |22—z3|.

If A, B, C and D represent the complex numbers z, z,, z, and z,, use the identity.

27 3

(z,-z)(z,-2) +(z,-2)(z,-2) +(z,-2)(z,-2,)=0

to show that AD . BC < (BD . CA) + (CD . AB)

The given identity can be rewritten (z, - z,) (z, - 2,) = (z, - z,) (z; - z,) + (z, - 23) (2, - Z,)
= Wz, -2)(z, - 2)l = (2, - 2)) (2, - 2)) + (2, - 25) (2, - 2))|

= lz, -zl lz, -zl <z, - z,| 1z, - z,| + |1z, - z,| |z, - 2,1,

which proves the result, since

AD = |z, -z]|,BD = |z, -12], CD = |z

,—-2l,BD = |z, -z]|,CA =z, -z]|, AB = |z, - z,].
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